INTRODUCTION
Iwasawa theory originated in the study of class numbers in the basic Ypextension of a number field K, and this case still occupies a central place in the theory. After fixing a prime number p, begin with Q~., the Galois extension of the rational numbers Q having Galois group isomorphic to the additive group of the p-adic integers Tip. Then let K, denote the unique field having degree p" over K in K. Q~. Iwasawa [11 ] proved that the exact power ofp dividing the class number h(K=) is given by #p"+ 2n + v, for large n. The integer constants/t = pp, 2 = 2p, and v = vp are the Iwasawa invariants for K and p. The simplest nontrivial example occurs when K is a quadratic field. Then /t = 0 [-4 ] and when K is real, it is believed that 2=0. Hence imaginary quadratic fields should provide a basis for the understanding of lambda invariants. However, even in this key situation, the values of lambda invariants have remained a mystery.
In this paper we describe a method of computation and provide a sizeable table of Iwasawa lambda invariants for imaginary quadratic fields. Our point of view is to consider 2p as p varies and the base field K remains fixed. With our method (and also our access to extensive computer time), we are able to obtain 2p for primes much larger than have been considered previously. For small primes, our results are seen to agree with those of Gold [7] and Ernvall-Mets/inkyl~i [15] . The computations make use of p-adic L-functions, but are greatly accelerated by implementing a strictly algebraic criterion for triviality of Gold [6] . In implementing this criterion, we also describe a technique for obtaining generators of certain principal ideals in imaginary quadratic fields.
Our table of primes having a nontrivial lambda invariant is complete for discriminants up to 1,000 and primes up to 10,000,000. The actual value of the lambda invariant is computed for primes up to 20,000.
We thank Tauno Mets~nkyl~i for his comments and Stephen J. Cavrak of the University of Vermont Academic Computing Center for his help with Pascal compilers.
I. POWER SERIES FOR LEOPOLDT-KUBOTA P-ADIC L-FUNCTIONS
We first adapt the method of Ferrero and Greenberg [3] to compute the coefficients in the Iwasawa power series for a Leopoldt-Kubota p-adic L-function. In [3] , the first coefficient was computed this way, and modifications of this approach also appear in [18, 15] .
Fix an odd prime p and an embedding of the complex numbers C in the completion Cp of an algebraic closure of the p-adic field Qp. Let 09 be the Teichmiiller character modulo p. A nontrivial primitive Dirichlet character of the first kind with conductor d# p may be written as ~,~o r § l, where is a primitive Dirichlet character of conductor do ~ 1 prime to p, and r< p-1 is a nonnegative integer. Let Qp(~b) denote the field obtained by adjoining all the values of ~, to Qp, and denote its ring of integers by (9+.
Note that (9+,or+,=(9,, since (~p((/))=(~p. If p is a (possibly trivial) primitive character of the second kind, then we may fix n>~0 so that pP"= 1. Observe that the character qsogr+lp is primitive with conductor dividing dop "+1. Set u=expp(p)= 1 +p+p2/2!+ ... in 7/p. View p as a character on Zp and put ffp = p(u), so that ~" = 1.
Under these assumptions [16] , the p-adic L-function Lp(s, I/Io) r+l) is associated with a power series 
Lp(s, ~b~r+ lp)=G(~lu:-1, Ipoor+ x).
The polynomial co,(T) = (1 + T) p" -1 satisfies ~o,----0 (mod(T p, p")) and ~%-0 (mod(T p2, p" -~)).
The fact that con is distinguished allows one to write 
G(T, t)~o ~ ')=Fn(T)+~n(T) H,,(T),
We have made the assumption that ~ is primitive with conductor do ~ 1 precisely so that the sum Zd~ ~ iqJ(i+jp "+ 1)~Orp(i) will vanish here.
, where the latter is defined by the usual p-adic power series. Also define
The lemma allows us to rewrite the sum we have arrived at, and obtain
This equation holds for each of the p" distinct characters p of order dividing p', hence it holds whenever ~p is a p"th root of unity. Thus we have a system of equations for the bk. The coefficients form a Vandermonde matrix with nonzero determinant, and we conclude that
Substituting this expression for bk into the congruences for am results in the following. When m > k, we let (~)= 0.
(1.2) THEOREM. We conclude that
(rood p3).
In the last expression, note that 2-i p 1 +p = 1 (mod p). So (jp):
The computation is completed by combining terms. We replace the fraction 1 by (1-p2)/2 to maintain integrality for computations; this suffices since
III. THE IWASAWA LAMBDA INVARIANT OF A POWER SERIES
Suppose Kp is a finite algebraic extension of Qp with ring of integers (9, and let ~ be a uniformizing parameter for (9. A nonzero power series H(T) with coefficients in (9 can Proof Let n = 2 in Theorem 1.2. From Proposition 2.1, we have
Write each i uniquely as i = I + kp 2, with l and k in the ranges indicated and observe that -L(I + kp 2) =-
. Substitute this into the congruence of Theorem (1.2) for m<p 2, noting that the binomial coefficient is then unchanged modulo p. The result is that the expression in the statement of this proposition is congruent to -doam (mod p) when m < p2. But -do is a p-unit.
In our computations for imaginary quadratic fields, we have always found m < p2. Indeed, usually m < p, so that the following proposition suffices. 
modp). Write i uniquely as i=l+kp, and observe that -L(l+kp)=-((lp-2(l-kp)-l)/p) (modp). Replacing 1 by p-/, k by
p-l-k, and j by d-1-j and performing the sum over j makes no change (mod p) in the terms to be summed over l and k, due to the fact that r ~ is odd and ~O is nontrivial. Hence twice the sum in the statement of the proposition is congruent to -dora! a,, ( 
) THEOREM. Suppose p does not divide h(K) and L/K is a finite Galois p-extension, with at most one prime of K ramified in L. Then p does not divide h(L).
Proof [18, p. 185 ]. Iwasawa's original proof [10] when L/K is cyclic also suffices for our applications. If K is a CM field with maximal real subfield K +, we let h+(K)= h(K + ) and h (K)= h(K)/h +(K), which is an integer. Then each K, is also CM and so we can define h, + and h~ similarly. Iwasawa's theorem [11] then states that the power of p dividing h + is given by p+p"+ 2 +n + v +, while that dividingh n is given by#-pn+2 n+v for largen. So#=p ++# and 2=2++2 . It is conjectured that #+=# =/~=0 [11] and that 2 + =0 [8] .
Ferrero and Washington [4] investigated #-invariants of LeopoldtKubota p-adic L-functions and proved that /~,(K)=0 when K is an imaginary abelian field. Similarly, there is a connection between )~p(K) and the )~-invariants of Leopoldt Kubota p-adic L-functions. We make the simplifying assumption that the conductor of K is not divisible by pZ, so that all associated Dirichlet characters are of the first kind. The sum runs over all odd primitive Dirichlet characters associated with K, with the exception of to-1 in the case where e) 1 is an associated character.
Proof
The proof is based on the analytic class number formula. Lp(s, 7o,) )).
Proof Now K + =Q, so 27(K)=0 by Corollary (4.2). Thus 2p(K)= 2p(K). The second equality is a special case of Proposition (4.3).
The following theorem of Gold greatly facilitates the computation of lambda invariants of imaginary quadratic fields.
(5.2) THEOREM (Gold [6] ). Assume that X(P)= 1, so that p splits in K, In the case of p=2, Kida [12] and Ferrero [2] independently found a simple formula for 22(K) when K is imaginary quadratic. Let D > 3 be a square-free odd integer, and for any positive integer M, let (M)2 denote the largest factor of M which is a power of 2. Then
12-1 ] ,~2(Q(x/~-D)) = 22(Q(~)) = -1 + Z \~-ff--J2'
lID where the sum is over all prime divisors l of D. In the remaining cases of D= 1, 2, or 3, observe that 22=0 by (4.1). For the sake of completeness, we will also include the values of 22(K) in our table.
We now prove a proposition to be used in the implementation of Gold's criterion, after briefly recalling the relation between quadratic forms of discriminant -d and ideals in K= Q(x/-~). The association (1) associates to the quadratic form Q(x, y) a specific basis for a particular ideal whose associated norm form is Q(x, y). We now see how these ideals are related under an SLz(Z ) transformation of the quadratic form. Let a so that
Q(x,y)=(x y)A(~).
Let Pc SL2(77) and suppose
=P y' Then

Q(x, y) = ax 2 + bxy + cy 2 = a' x '2 + b' x' y' + cy '2 = Q'(x', y'), where (x,) Q'(x', y')= (x' y') A' y'
(pt the transpose of P). The association in (1) defines an ideal (even with a chosen basis) to each of the (SLdZ)-equivalent) forms Q(x, y) and Q'(x', y'). Since these ideals have the same associated norm forms, the ideals are principally equivalent. The following result in particular specifically identifies the relation between these ideals. We now describe our algorithm in more detail. See [ 13 ] for a discussion of the facts which we state without proof. All main programs were run on a VAX 8550 computer at the Computer Centre of Concordia University, Montreal. Programs for the special cases of p dividing the class number or the norm of a reduced ideal (defined below), and of ,~p ~> p were run on a VAX 8600 at the Academic Computing Center of the University of Vermont, as well as a check of all programs for p < 10,000 and d< 500.
Precomputation
(1) Given d, first find all reduced positive definite quadratic forms ax2 + bxy + cy 2 with nonnegative coefficients and discriminant b 2-4ac = -d. This is a finite search since all the coefficients are less than x/~. Such a quadratic form corresponds to the ideal written in terms of its ordered integral basis as ~r = [a, (b-x~)/2].
The ideal ~r has norm a, which is the minimum norm for integral ideals in the ideal class of ~r by virtue of the form being reduced. We also say that such an ideal is reduced. Given an ideal class of K---Q(~-L--~), there is a unique form on our list corresponding to this class or its inverse (conjugate). Hence the class number h(K) is found by counting ambiguous forms (those corresponding to an ideal class which is its own inverse) once and all others twice. It is easy to reduce to the case of (a, d)= 1 by first removing the ramified prime factors from d, and using the fact that their squares are principal ideals, generated by rational primes. This solves the problem when h(K) is even. But when h(K) is odd, there is only one ramified prime, and it is principal. Thus it will never occur in the factorization of a reduced ideal. as ideals; i.e., we have determined a principal generator for ~r The software for this precomputation was written in the ALGEB language (see [5] ), and was performed for all d<l,000. The maximum coefficient among the generators of the principal ideals was 23 45980 63128 02816 37826. This precomputation required 1 min, 58 sec of CPU time to complete.
Applying the Criterion of Gold
Having completed the precomputation, begin to apply the criterion of Gold (5.2) to those primes p which split in K and do not divide h(K). Since 62= 62+ ~2 (mod ~2), the right hand side being a rational integer, one has tip-t = (_dy2){, 3l/2(-dy2-ap) (rood ~2).
The fact that $2e ~2 also shows that The software for this step was written in PASCAL, with assembler routines for arithmetic mod p and arithmetic mod p2. To do all d < 1,000 and p < 10 7 required 149 hr, 30 min of CPU time.
Computation of Iwasawa Coefficients Modulo p
Once it has been determined that 2p(K)/> 1 because p divides h(K), In the latter case, begin computing the expression in (3.1) with m= p in much the same way. This has only been required for a few cases where p = 3, and has always succeeded in determining 23(K).
The software for this step was written in PASCAL, with assembler routines for arithmetic rood p, arithmetic mod p2, and character value sums. For d< 1,000 and p<20,000 this step required 516 hr, 48 min of CPU time.
VII. HEURISTICS
In a fixed imaginary quadratic field K, we have seen that 2p = 0 for any prime p which is inert in K and does not divide the class number hr. Also since 2p >~ 1 for every prime which splits in K, it follows that the density of prime numbers for which 2p = 0 is one half, as is the density of primes for which 2p >/1.
Again let ~ be the quadratic Dirichlet character associated with K and
G(T, Zog)= ~ am Tm m--O
be the corresponding Iwasawa power series. Then 2p > n if and only if am is divisible by p for all m ~< n. For a prime p which splits in K, we have ao=0 and al#0 by [3] . If one assumes that the coefficients a,, are uniformly distributed modulo p, then the probability that 2p > 1 is just the probability that p divides al, namely 1/p. Since the sum Z 1/p diverges when taken over all primes p which split in K, it follows from the Borel-Cantelli lemma that "with probability 1," there are an infinite number of primes p for which 2p > 1. Indeed, one would expect the cardinality of {p: 2p> 1, p<x} to be asymptotic to clog(log(x)) for some c>0. On the other hand the probability that p divides both a~ and a2 is lip 2 under this assumption, and as Y. 1/p 2 converges, it follows that the expected number of p such that 2p > 2 is finite.
VIII. TABLE
For each d< 1,000, Table I lists all primes p for which J.p> 1 in the imaginary quadratic field of discriminant -d. When p<20,000, the computed value is 2p=2 unless a larger computed value appears in parentheses. When a prime p > 20,000 appears, it is always followed by an asterisk; this is to denote that 2p > 1 but the exact value of 2p has not been computed. In these cases it is highly probable that 2p = 2. The first number in parentheses in each row is the value of 22, determined from the formula of Kida and Ferrero. For primes which are not listed, it is easy to determine whether 2p = 1 or )~p = 0 from the class number hx, also given in the table, and the Jacobi symbol (-d/p), which can be computed rapidly by repeated reduction and quadratic reciprocity. Specifically, as described earlier, 2p=0 when (p, hr)= 1 and (-d/p)r 1; otherwise 2p>0. 
